Using perturbation theory and the field theoretical renormalization group approach we consider a two-dimensional anisotropic truncated Fermi Surface(F S) with both flat and curved sectors which approximately simulates the "cold" and "hot" spots in the cuprate superconductors. We calculate the one-particle two-loop irreducible functions Γ (2) and Γ (4) as well as the spin, the charge and pairing response functions up to one-loop order. We find non-trivial infrared stable fixed points and we show that there are important effects produced by the mixing of the existing scattering channels in higher order of perturbation theory. Our results indicate that the "cold " spots are turned into a non-Fermi liquid with divergents ∂Σ0/∂p0 and ∂Σ0/∂p, a vanishing Z and a finite Fermi velocity at F S when the effects produced by the flat portions are taken into account.
Introduction
The appearance of high-T c superconductivity focused everyone's attention on the properties of strongly interacting two-dimensional electron systems. Basically the high-T c cuprates are characterized by a doping parameter which regulates the amount of charge concentration in the CuO 2 planes. As one varies the doping concentration and temperature one finds an antiferromagnetic phase, a pseudo-gap phase, an anomalous metallic phase and a d-wave superconductor.
The standard model to describe these phenomena is the the two-dimensional (2d) Hubbard model. Starting either from the so-called weak coupling limit or from the large U limit instead one can reproduce at least in qualitative terms all these phases by varying only a small number of appropriate parameters [1] . In particular motivated by the experimental results coming from angle-resolved photoemission experiments (ARPES) which demonstrated among other things the presence of an anisotropic electronic spectra characterized by a pseudogap and flat bands in k-space several workers have related some of these anomalies to the existence of a non-conventional Fermi Surface (FS) in these materials [2] . For a half-filled 2d-Hubbard model the FS is perfectly square. As a result of the perfect nesting and the van Hove points which, in this case, allow the mapping of this system onto perpendicular sets of one-dimensional chains [3] and which produce infrared divergences in both particle-particle and particle-hole channels, already at one-loop level, the physical system shows non-Fermi liquid behavior. However as doping is increased the FS immediately acquires curved sectors and this opens up a possibility for Fermi liquid like behavior around certain regions of k-space. This feature was confirmed early on by the ARPES data for the underdoped and optimally doped Bi2212 and YBCO compounds [4] . In the electronic spectra of these materials there appears an anisotropic pseudogap and flat bands around (±π, 0)and (0, ±π) and traces of gapless single-particle band dispersions around the ± π 2 , ± π 2 regions of the Brillouin zone (BZ). This agrees qualitatively well with the phenomenological picture of a FS composed of 'hot' and 'cold' spots put forwarded by Hlubina and Rice and Pines and co-workers [5] . In that picture the 'cold' spots associated with correlated quasiparticle states are located along the BZ diagonals. In contrast the 'hot' spots centered around (±π, 0)and (0, ±π) are related to the pseudogap and other anomalies of the cuprate normal phase. However recent photoemission experiments [6] put into doubt the applicability of Fermi liquid theory even along the (0, 0)-(π, π) direction. Using their data on momentum widths as a function of temperature for different points of FS in optimally doped Bi2212, Valla et al show that the imaginary part of the self-energy ImΣ scales linearly with the binding energy along that direction independent of the temperature. Similarly, Kaminski et al show that the half-width-half-maximum of the spectral function A (p, ω) single particle peak varies linearly with ω above T c . They claim this to be analogous to the observed linear temperature behavior of the electrical resistivity and the scattering rate. Those results are very different from those expected for a Fermi liquid and support a marginal Fermi liquid phenomenology even near the In this work we consider a a two-dimensional electron gas with a truncated FS composed of four symmetric patches with both flat and conventionally curve arcs in k-space. These patches are located around (±k F , 0)and (0, ±k F ) respectively(F ig.1). The Fermi liquid like states are defined around the patch center. In contrast the the border regions are taken to be flat. As a result in this region the electron dispersion law is one-dimensional [7] . In this way in each patch there are conventional two-dimensional electronic states sandwiched by single-particles with a flat FS to simulate the 'cold' and 'hot' spots scenario described earlier on. Flat FS sectors were also used by Dzyaloshinskii and coworkers [8] to produce logarithmic singularities and non-Fermi liquid behavior. Here they are used to test the stability of the two-dimensional Fermi liquid states. We use the renormalization group (RG) method to deal with the infrared (IR) singularities produced in perturbation theory by the 'Cooper' and 'exchange' channels. Other RG methods were used recently by several workers to test the weak-coupling limit of the two-dimensional Hubbard model with and without next-nearest neighbor hopping against superconducting and magnetic ordering instabilities in different doping regimes [9] .
The scope of this work is the following. We begin by reviewing briefly the model used in our calculations. Next we calculate the one-particle irreducible functions Γ (2) ↑ and Γ (4) ↑↓;↑↓ up to two-loop order. We demonstrate that the quasiparticle weight Z for the two-dimensional Fermi liquid state can vanish identically as a result of the interaction of the "cold" particles with the flat sectors. We solve the RG equation for the renormalized coupling in two-loop order and we find a non-trivial IR stable fixed point. Later we estimate how higher-order corrections and the mixing of the various scattering channels affect this result. We calculate the spin and charge susceptibilities and discuss their physical contents. Finally we conclude by arguing that our results indicate the instability of two -dimensional Fermi liquid states when they are renormalized by the interaction with the flat sectors of the Fermi Surface.
Two-Dimensional Model Fermi Surface
Consider a 2d FS consisting of four disconnected patches centred around (±k F , 0) and (0, ±k F ). Let us assume to begin with that they are Fermi liquid like. The disconnected arcs sepasrate occupied and unoccupied single-particle states along the direction perpendicular to the Fermi Surface. However as we approach any patch along along the arc itself there is no sharp resolution of states in the vicinity of the gaps located in the border regions. We assume that these regions are proper for non-Fermi liquid (NFL) behavior. To represent those NFL features we take the FS to be flat in the border regions. In this way the single-particle states which are a 2d Fermi liquid around the center of the patch acquires an one-dimensional dispersion as we approach those flat border sectors. They represent the ' hot' spots sandwiching the 'cold' spots in our model.
In order to be more quantitative consider the single-particle lagrangian density
where
with m * being the effective mass and the coupling constant U scales with momenta as Λ 2−d in d spatial dimensions. Here the fermion fields are non-zero only in a slab of width 2λ around the four symmetric patches of FS. Thus in momentum space the single-particle ε (p) is defined according to the sector and patch under consideration. For example, for the patch defined around the FS point (0, −k F ) we have that
with −∆ ≤ p x ≤ ∆ for the central zone and
for ∆ ≤ p x ≤ λ or −λ ≤ p x ≤ −∆ in the border regions of the (0, k F )-patch. We follow a similar scheme to define ε (p)in all other patches of FS.
In setting up our perturbation theory scheme two quantities appear frequently: the particle-hole and the particle-particle bubble diagrams. In zero-th order they are defined respectively as
and
2 and q = (q 0 , q). It turns out that χ (0) is singular only if the G (o) 's in its integrand refer to flat sectors with qand q + P located at points from corresponding antipodal border regions of FS. In this case we find for e.g. P = (0, 2k F )
with Ω = 2k F λ. In contrast Π (0) is singular for particles located in both 'cold' and 'hot' spots whenever they are involved in a Cooper scattering channel. We obtain in this case for e.g. P = (0, 0)
As is well known the Cooper channel singularity drives the system towards its superconducting instability. For a repulsive bare coupling constant the renormalized coupling approaches the trivial Fermi liquid fixed point [10] . As opposed to that the singularity in χ (0) which is associated with the one-loop forward channel drives the physical system for a bare repulsive coupling to a non-perturbative regime.To deal with that situation it is important to consider higher-order contributions. For this we consider next the one-particle irreducible functions Γ (2) (p) and Γ (4) (p) up to two-loops.
One-Particle Irreducible Functions
Let us begin considering the one-particle irreducible function Γ
↑ (p 0 , p) for a p located in the vicinity of a 'cold' spot point of FS such as p
2kF . We can write Γ (2) in this case as
where using perturbation theory the two-loop self-energy Σ ↑ is given by
The constant term produces a small shift in k F which will be neglected from now on. Evaluating the integrals over q we obtain [11] Σ
+ ln
Clearly both ∂Σ ↑ /∂p y and ∂Σ ↑ /∂p 0 are divergent at F S. This gives the Marginal Fermi liquid result [12] for
2kF and p 0 → 0 which nullifies the quasiparticle weight Z at the Fermi Surface. We can arrive at this result using the renormalization group (RG). For this we define the renormalized oneparticle irreducible function Γ (2) R↑ (p 0 , p) such that at p 0 = ω, where ω is a small energy scale parameter, and
R↑ is related to the corresponding bare function Γ 
where U 0 is the corresponding bare coupling. Since at zero-th order U 0 = U it follows from our prescription that
Naturally, Z = 0 if ω → 0. As we showed elsewhere this result reflects itself in the anomalous dimension developed by the single-particle Green's function at FS. Let us next calculate the one-particle irreducible two-particle function
This function depends on the spin arrangements of the external legs as well as on the scattering channel. Thus for antiparallel spins up to two-loop order we have that
The first two terms are associated with the exchange-channel which couples legs with opposite spins and the so-called Cooper-channel. The forward-channel which is associated with diagrams with left and right external legs of the same spin only contributes to Γ (4) ↑↓ from the two-loop order on. The other two-loop contributions are omitted here for economy of space. In contrast, if we now consider the two-particle function for parallel spins we find instead
with no need for further simetrization since the external legs have the all the same spin. Clearly the singularities in our perturbation series expansion depends very crucially on the values of the external momenta. In this way if we consider external momenta such that the exchange diagrams are singular for e.g. p 4 − p 1 = (0, −2k F ) = P, p 1 + p 2 = Q with |Q| ≥ λ and p 3 − p 1 = K where |K| ≪ 2k F the leading terms up to two-loop order are (F ig.2a)
For p 1 + p 2 = 0 up to two-loop order our the series expansion becomes instead (F ig.2b)
Finally, for p 3 −p 1 = (0, −2k F ) = R, p 1 +p 2 = Q with |Q| ≥ λ and p 4 −p 1 = K where |K| ≪ 2k F our series expansion in the forward channel becomes (F ig.2c)
Our renormalization prescription must therefore incorporate this momenta space anisotropy to cancel all the corresponding singularities appropriately.
Using RG theory we now define the renormalized two-particle function Γ
R↑↓ in terms of the corresponding bare function Γ 
where U 0 is the corresponding bare coupling and U the renormalized coupling. Suppose that in the exchange channel this renormalized coupling is determined by the prescription Γ (4)
Similarly, in the Cooper channel we assume that the renormalized coupling is fixed by Γ (4)
Finally for the forward channel we take Γ (4)
Evaluating the crossed diagrams we find they give the contributions
for the Cooper and exchange channels respectively. However taking into consideration that at third-order perturbation theory U
0 and using previous results we find that
with
with a = 2λ/π 2 k F . Using the RG conditions ω∂U 0x /∂ω = ω∂U 0f /∂ω = ω∂U 0C /∂ω = 0the RG equations for U x , U f and U C in two-loop order are
Note that there are non-trivial fixed points U *
x for the exchange and Cooper channels respectively which are infrared stable (IR) but they are by no means of small magnitude if k F ≫ (λ − ∆) and λ ≫ (λ − ∆). The magnitude of U * x is regulated by the ratio of k F and the size of the flat sector of FS. The larger the size of the flat sector with respect to k F the smaller the magnitude of U * x . For U * C there is an extra factor which is basically the ratio of the sizes of the patch and its corresponding flat sector. In our perturbation theory scheme the expansion parameter is a fraction of U x (λ − ∆) /k F and a large value of the coupling constant such as U * above presents no serious convergence difficulty.
Similarly, using the same RG approach for the renormalized two-particle irreducible function with parallel spins we have
where A (ω) is an infinite additive constant since in our perturbation series expansion Γ
0↑↑ is already divergent in zeroth order. As a result we use the prescription
and using our perturbation series result (F ig.3) we then obtain
Using the RG condition ω∂U 0 /∂ω = 0 it follows immediately
Hence for the scattering of particles with parallel spins we have the same trivial fixed point seen in the forward sacattering channel.
Having established the existence of IR stable non-trivial fixed points in twoloop order we can now investigate how self-energy effects produce an anomalous dimension in the single-particle Green's function at the Fermi Surface [11] .
Single-Particle Green's Function and Occupation Number at FS
We can use the RG to calculate the renormalized Green's function G R at FS.
it follows from the previous section that
where G 0 is the corresponding bare Green's function. Seeing that G 0 is independent of the scale parameter ω we obtain that G R satisfies the Callan-Symanzik (CS) equation [13] 
Using the fact that G R at FS is a homogeneous function of only ω and p 0 of degree D = −1 it also satisfies the equation
Combining this with the CS equation we then find
From this we obtain that the formal solution for G R is
If we assume that as the physical system approaches the Fermi Surface as p 0 ∼ ω → 0, it acquires a critical condition with the running coupling constant U (ω) → U * , we can use our perturbation theory result for Z up to order O U * 2 to obtain
As a result of this G R develops an anomalous dimension given by [11] 
Using this the spectral function
and the number density n (k F ) reduces to
If we replace our two-loop value for U * we get
and n (k F ) = 3 √ 3 4π ∼ = .413. This result shows that the Fermi Surface is smeared out completely at the 'cold' spot point which suffers the direct effect of the flat sectors through Σ. This power law behavior of G R and the value of n (k F ) independent of the sign of the coupling constant resembles the results obtained for a Luttinger liquid [14] . However for a Luttinger liquid ∂n (p) /∂p | p=kF → ∞. In order to see if the occupation function has the same behavior in our case we have to generalize our CS equation for G R to include momentum dependence in the vicinity of a given 'cold' spot point. in the (0, −k F )-patch of our FS model. Since the relation between the renormalized and bare one-particle irreducible Γ (2) ′ s is the same for any value of momentum and taking into consideration that our two-loop self-energy result indicates that at p 0 = 0 and in the vicinity of ∆,
2k F (52) the CS equation for G R in the neighborhood of this 'cold' spot point becomes
Since now we have that
it follows from this that G R satisfies the RG equation
We can therefore write G R in the form
and the β -function is determined as before. If we assume that the physical system is brought to criticality as ω → 0 and U (ω) → U * = 0 we can use our perturbation theory result for γ and these equations are converted to
The function G is determined from perturbation theory. Recalling that at zeroth-order, for p 0 ≃ ω, we have that
and it turns ou that
Finally, combining all this results we get that in the vicinity of our 'cold' spot point
If we now do again the analytic continuation making p 0 → p 0 + iδ we obtain the renormalized Green's function as
It follows from this that imaginary part of the renormalized self-energy ImΣ R is given by
and the renormalized spectral function A R (p; ω) becomes [11] A R (p; ω) =
(65) We can immediately infer from this result that our renormalized Fermi Surface near the given 'cold' spot point is now characterized by a dispersion law given by
which in turn in the limit p = ω → 0 produces a Fermi velocity v F given by
Finally, using our spectral function result we can calculate the momentum distribution function n (p) for 
It follows from this that
Therefore if 1 > 2bU * 2 or bU * 2 > 1 we have ∂n (p) /∂p → ∞ when p/ω → 0. This is precisely what happens if we use our two-loop estimates for U * . The momentum distribution function is non-analytic at p = 0 and resembles the result obtained for a Luttinger liquid. Moreover despite the fact that both ∂ReΣ/∂ω and ∂ReΣ/∂k are both singular at F S the Fermi velocity v F remains finite as in a incompressible fluid [15] . This shows that there is a complete breakdown of the Landau quasiparticle picture in the "cold" spots when the effects produced by the flat sectors of F S are taken into account. This is in general agreement with recent photoemission data [6] for optimally doped Bi2212 which report a marginal Fermi liquid behavior for ImΣ and a large broadening of the spectral peak around the π 2 , π 2 region of the Fermi Surface for temperatures higher than T c . Our results depend in an important way on the value of the non-trivial fixed point U * . It is therefore opportune to check what happens to our results if we include higher-order corrections. To estimate this we discuss the higher-loop contributions to both the quasiparticle Σ ↑ and Γ (4) ↑↓;↑↓ .
Higher-Order Corrections
In 3-loop order there are two contributions to the bare self-energy Σ 0↑ (F ig.4):
If at this order we take U and for p 0 = ω ∼ = 0.
The next non-zero contributions are produced by the fourth-order terms(F ig.5). They all have the same relative sign bringing about a strong mix between the different scattering channels. Their calculation is non-trivial and it is beyond the scope of this present work. However if we include three-loop contributions for the various renormalized couplings we can distinguish the different bare couplings in order O U 2 0 and this produces important changes in our results. To observe this in detail suppose the quasiparticle weight Z (ω) is now given by
where constant b is given as before. If we repeat the same procedure as before but now distinguishing the diverse bare couplings at two-loop order we find respectively
for the exchange, forward and Cooper channels. If we now define the corresponding β-functions as
it follows that
The new fixed points are related to each other and they are given by
with U * C U * x < 1. Defining the matrix of eigenvalues M ij by
for i, j = C, x, f respectively we can expand in coupling space around the fixed points to find [16] 
Integrating these equations and using our previous results we then obtain that for ω → 0
where c 1 , c 2 , d 1 and d 2 are constants. As a result unless there is one adjustable parameter which can be tunned to produce c 2 = 0 we no longer approach the fixed point U * C , U * x , U * f as we approach the Fermi Surface when ω → 0. This is the main effect produced by the mixing of scattering channels in higher order of perturbation theory. Now the running coupling U C (ω) is only infrared stable if there exists an external parameter such as temperature or hole concentration which can be adjusted to nullify c 2 at F S. The critical surface formed by the set of trajectories of U i (ω) which are attracted into the fixed point U * C , U * x , U * f for ω → 0 has codimensionality one. If we assume that the external parameter needed is the physical quantity θ, in the vicinity of the phase transition the coupling constants associated with the three scattering channels become
where θ c is the critical value of θ at the transition.
Spin and Charge Susceptibilities
Let us consider initially the spin ( charge )susceptibility χ zz (q) (χ c (q)) for |q| = 2k F which is singular in the exchange channel. For consistency we define
for the longitudinal spin susceptibility, or
for the corresponding charge susceptibility, with
Here L E is the Euclidean version of the single-particle lagrangian given by Eq. [1] . Using perturbation theory up to one-loop level with no mixing of scattering channels and with the bare coupling as the expansion parameter we obtain to order O (U 0 ) that (F ig.6)
Since χ (0) (q 0 , |q| = 2k F ) is already logarithmic divergent to define a finite renor-
Rzz we have to introduce a new scale multiplicative factor Z χs and a constant term. We have that
The constants C and D above are infinite but they disappear from the problem when we differentiate equation(32) or (33) with respect to ln q 0 [17] . We get Rzz(c) (q 0 , |q| = 2k F : U ; ω) /∂ ln q 0 satisfies the RG equation
Rzz is dimensionless the general solution of this RG equation becomes
and U (q 0 = ω; U ) = U (ω). To determine both F s(c) and γ χ s(c) we have to invoke perturbation theory. We can do this using the perturbation expansion for the bare function Γ 
R↑↑z(c) (q) (108) Using the RG condition Γ R↑↑z(c) (q 0 = ω, |q| = 2k F ; U ) = 1 it follows immediately that
. Assuming that as the scale parameter ω → 0 the running coupling constant approaches a non-zero fixed point U → U * , γ χ becomes
Hence, in the vicinity of the Fermi Surface , Φ (0,2)
Rzz reduces to
If we integrate this out with respect to ln q0 ω we find that the renormalized spin( charge )susceptibility Γ (0,2) Rzz(c) is given in the form
Rzz(c) is only singular for U * > (<) 0 if q 0 → 0 faster than ω → 0. However since the diagrams which determine Z χ s(c) are in fact associated with the forward channel if U (ω) → U * f = 0 this reduces to
which is now divergent for q 0 > ω and ω → 0 signalling the presence of spin and charge instabilities in the superconducting phase. Consider next the pairing susceptibility χ p (q) = Γ (0,2) p (q) for |q| = 0 defined by
If we follow the same steps as before using the fact that Π (0) (q 0 , |q| = 0) = Π (0) (q 0 ) is logarithmic divergent in the 'Cooper' channell we define the renormalized pairing correlation function Γ (0,2)
where the corresponding bare correlation function, up to order O (U 0 ) in perturbation theory is (F ig.8)
Defining the corresponding Φ (0,2)
Rp (q 0 ; U ; ω) it satisfies an analogous RG type equation and we can write its formal solution as
Using perturbation theory we can determine both A and Z p . Defining as before Γ (2,1) 0p
(119) we find that (F ig.9)
Using the RG condition Γ (2,1)
Thus if the physical system approaches criticality as ω → 0, U (ω) → U * , γ p reduces to
and as a result
Finally integrating this result with respect to ln q0 ω we find
It is clear that Γ is therefore cancelled out exactly by the renormalization factor Z p (ω). Using our two-loop estimate for U * C we obtain the power law behavior for the pairing susceptibility χ p
Notice however that this is no longer the case if we take into consideration even approximately the effects produced by the mixing of scattering channels. To see this we define the renormalized external parameter θ which drives the physical system towards the critical region such that
where θ 0 and θ 0c are the corresponding bare terms which appears in the renormalized lagrangian through the source term associated with the Cooper pairing susceptibility. It follows from this that θ satisfies the RG equation
with θ (q 0 = ω, θ) = θ and U C (q 0 = ω, U C ) = U C . Integrating this out we get immediately
Choosing the q 0 such that θ (q 0 , θ) = q 0 we obtain the scaling relation
Since as we approach the critical region
However using last section result, by dimensional arguments, we must have
Thus we have
and therefore since ν = Rp → ∞ as a power law when θ → 0.
Conclusion
We present a two-loop field-theoretical renormalization group calculation of a two-dimensional truncated Fermi Surface. Our Fermi Surface model consists of four disconnected patches with both flat pieces and conventionally curved arcs centered around (0, ±k F ) and (±k F , 0)in k-space. Two-dimensional Fermi liquid like states are defined around each patch central region. In contrast the patch border regions are flat and as a result their associated single particle states have linear dispersion law. These flat sectors are introduced specifically to produce nesting effects which in turn generate logarithmic singularities in the particle-hole channels that give non-Fermi liquid effects. In this way conventional 2d Fermi liquid states are sandwiched by single particles with linear dispersion law to simulate the so-called "cold" spots as in the experimentally observed truncated Fermi Surface of the metallic phase of the underdoped hightemperature superconductors. Our main motivation is therefore to test to what extent Fermi liquid theory is applicable in the presence of flat Fermi surface sectors which are indicative of a strong coupling regime. New experimental data on both optimally doped and underdoped Bi2212 [6] above T c indicate that the imaginary part of the self-energy ImΣ (ω) scales linearly with ω even along the (0, 0)-(π, π)direction. This is consistent with other photoemission experiments [6] which support a marginal Fermi liquid phenomenology over the whole Fermi Surface. Our results are in general agreement with those experimental findings. Using perturbation theory we calculate the two-loop self-energy of a single particle associated with a curved F S sector. We find that the bare self-energy is such that ImΣ o (ω) ∼ ω and as a result ReΣ 0 (ω) ∼ ω ln Ω ω for ω ∼ 0 reproducing the marginal Fermi liquid phenomenology at F S. We calculate Σ 0 as a function of both frequency and momentum. It turns out that both ∂Σ 0 /∂p 0 and ∂Σ 0 /∂p diverge at F S. Using RG theory we determine the renormalized one-particle irreducible function Γ
R (p 0 , p; U, ω) in the vicinity of a "cold" spot F S point. From this it follows immediately that the quasiparticle weight Z vanishes identically at the Fermi Surface. Next we calculate the bare one-particle irreducible two-particle function Γ for both exchange and forward channels due to nesting effects. In contrast the Cooper channel produces similar singularities in the whole F S. We calculate Γ (4) 0 perturbatively up to two-loop order for the mentioned scattering channels. Taking into account self-energy corrections calculated earlier on we obtain the corresponding renormalized one-particle irreducible function Γ (4) R subjected to an appropriate renormalization condition. Although the crossing effects of different channels is practically non-existent at this order of perturbation theory we show that the running couplings for the Cooper and exchange channels U C (ω) and U x (ω) develop non-trivial fixed points which are IR stable. In contrast U f (ω) remains with a IR stable trivial fixed point. As a result of this the fixed point of the renormalized coupling associated with Γ (4) R↑↑ for two particles with parallel spins which is basically determined by forward scattering processes also remains trivial and IR stable. With our two-loop results for the non-trivial fixed points assuming that the physical system acquires a critical condition as we approach the Fermi Surface by taking ω → 0 we can solve the RG equation for the renormalized single particle propagator G R (p; U, ω) in the vicinity of a chosen "cold" spot point. We show that the nullification of the quasiparticle weight Z manifests itself as an anomalous dimension in G R . This anomalous dimension is independent of the sign of the given fixed point value. Using this result we calculate the spectral function A R (p; U * , ω) and the renormalized single particle dispersion law. From this we calculate the Fermi velocity which remains finite at F S. Finally we calculate the corresponding momentum distribution function n (p) in the vicinity of F S and show that it is a non-analytic function of p with ∂n (p) /∂p → ∞ when p/ω → 0. This resembles the result obtained for a Luttinger liquid indicating a complete breakdown of the Landau Fermi liquid when the "cold" spot suffers the effects produced by the flat F S sectors. Essentially the RG exponentiates the self-energy ln corrections. In this way the power law behavior of G R reflects itself back in the renormalized self-energy given
However near F S for p 0 ∼ ω ∼ 0 this again reproduces the marginal Fermi liquid phenomenology in agreement with the observed experimental results. Since several of our results are given in terms of a fixed point value it is important to see what happens if we consider higher order contributions to our perturbation expansion. We do this calculating initially the 3-loop corrections to the bare self-energy Σ 0↑ . At this order of perturbation theory we have the bare constants U 3 0C
0f are identical to each other. As a result the two existing contributions cancel each other exactly for p 0 ∼ ω ∼ 0. However if we consider 3-loop terms in our perturbative calculation of the three bare couplings we can distinguish the different contributions produced at order O U 2 0 and this brings important changes to our results. The exchange channel coupling appears explicitly in the bare coupling expansions for the Cooper and forward channels. As a result of this we now define three different β-functions β i = ω∂U i /∂ω = β i (U C , U x , U f ) for i = C, x, f . We calculate the eigenvalue matrix M ij = ∂βi ∂U * j , find its eigenvalues and expand these β-functions in coupling space around the existing fixed point. We then show that the critical surface formed by the set of trajectories of U i (ω) which is attracted into the fixed point U * C , U * x , U * f for ω → 0 has codimensionality one. Therefore one external parameter such as temperature or hole concentration is needed to drive the physical system towards its phase transition characterized by its fixed point U * C , U * x , U * f . To test how it reacts to its various instabilities we calculate the longitudinal susceptibility χ s , the charge susceptibility χ c and the pairing susceptibility χ p . These functions are obtained from appropriate RG equations which are solved perturbatively if the renormalized running coupling functions are precisely at the non-trivial fixed point. We use perturbation theory up to one-loop order and as a result there are no strong mixing of scattering channels. Both χ s and χ c are linked to the forward scattering channel. Since U * f = 0 the corresponding multiplicative renormalization constants Z χs and Z χc produce no cancellation effects and both χ s (q 0 ; ω) and χ c (q 0 ; ω) have a logarithmic singularity for q 0 > ω and ω → 0. In contrast if we we don't take into account the mixing of scattering channels at the fixed point the pairing susceptibility χ p (q 0 ; ω) is finite for q 0 > ω and ω → 0 since all the singularities are cancelled exactly by the renormalization factor Z p . In the presence of mixing effects an external parameter must be tuned for the system to approach the critical region. As a result of this our scaling analysis shows that the pairing susceptibility χ p should diverge as a power law in the superconducting critical point.
To conclude it is fair to say that even a simplified anisotropic Fermi Surface model as the one used in this work is able to produce interesting non-trivial results due to the fact that it contains flat parts which turn 2d-Fermi liquid states representing the so-called "cold" spots into a non-Fermi liquid with divergents bare ∂Σ/∂p 0 and ∂Σ/∂p, a vanishing Z and a finite Fermi velocity at F S. It is tempting to relate our results to the high T c superconductors which are known to have an anisotropic F S with a pseudogap and non-Fermi liquid behavior for the underdoped and optimally doped metallic phase above the critical temperature. Our findings concerning the nature of the metallic state are indeed in good agreement with more recent photoemission experiments and we believe the model presented here might well contain some of the ingredients which are needed to describe the cuprate superconductors.
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